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y^bstract 

Planar  embedding  with  minimal  area  of  graphs  on  an  integer  grid  is  an  interesting  problem  in  (VLSI 
theory.  Valiant/f¥]gave  an  algorithm  to  construct  a  planar  embedding  for  trees  in  linear  area;  he  also  proved 
that  there  are  planar  graphs  that  require  quadratic  area. 

We  fill  in  a  spectrum  between  Valiant’s  results  by  showing  that  an  N- node  planar  graph  has  a  planar 
embedding  with  area  0(NF),  where  F  is  a  bound  on  the  path  length  from  any  node  to  the  exterior  face.  In 
particular,  an  outerplanar  graph  can  be  embedded  without  crossovers  in  linear  area.  This  bound  is  tight,  up 
to  constant  factors:  for  any  N  and  F,  there  exist  graphs  requiring  ft (NF)  area  for  planar  embedding. 

Also,  finding  a  minimal  embedding  area  is  shown  to  be  NP-complete  for  forests,  and  hence  for  more 

general  types  of  graphs.  f  _ _ 
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1.  Introduction 


VLSI  design  motivates  the  following  class  of  problems:  given  a  graph,  map  its  vertices  onto  a  plane  and 
its  edges  onto  paths  in  that  plane  between  the  corresponding  mapped  vertices.  Normally  there  are  some 
restrictions  that  the  mappings  must  obey,  such  as  a  minimum  distance  between  mapped  vertices.  The  maps 
give  a  layout,  and  the  problem  is  to  find  a  layout  with  a  small  cost.  The  mapping  restrictions  and  the  cost 
function  together  specify  a  particular  member  of  the  class  of  layout  problems. 

Embedding  of  graphs  has  been  extensively  studied  during  the  last  few  years  [L80,  V,  PP,  BK,  CS,  R, 
RS,  L81,  L82].  In  this  paper  we  consider  the  layout  problem  when  the  layouts  are  rectilinear  embeddings 
without  crossovers  and  the  cost  is  the  area  of  a  box  bounding  the  layout.  To  avoid  complications,  we  assume 
that  graphs  are  restricted  to  have  vertices  of  degree  4  or  less. 

In  [V],  Valiant  looked  at  the  layout  problem  for  rectilinear  embeddings  (both  with  and  without  cross' 

overs),  using  the  bounding  box  area  cost.  He  proved  that  a  tree  of  vertices  with  maximum  degree  4  can  be 

laid  out  without  crossovers  in  an  area  that  is  linear  in  the  number  of  edges  (or  vertices).  He  also  showed  how 

■  *» 

to  get  a  such  an  embedding  for  any  planar  graph  using  quadratic  area,  and  proved  that  there  are  planar 
graphs  requiring  quadratic  area. 

Definition!  A  planar  graph  has  width  F  if  there  is  a  planar  embedding  of  the  graph  such  that  every  node 
of  the  graph  is  linked  to  the  external  face  of  the  embedding  by  a  path  of  at  most  F  vertices. 

We  shall  show  that  any  W-node  planar  graph  of  width  F  can  be  laid  out  in  O(NF).  area.  Special  cases 
of  this  include  linear  area  embeddings  for  trees  and  outerplanar  graphs',  and  quadratic  area  embeddings  for 
graphs  of  width  0(JV).  Furthermore,  the  area  bound  is  tight  up  a  to  constant  factor.  This  fills  in  a  spectrum 
between  Valiant's  results.  The  graph  in  Fig.  1.1  has  N  nodes  and  width  F,  and  each  component  requires 
n(F*)  to r  a  planar  embedding  (see  [V]),  so  the  entire  graph  requires  tt(NF)  area. 

N/4F  subgraphs 

4F  nodes  4F  nodes 

Figure  1.1  Graph  needing  t)(NF)  area 

Wc  shall  also  show  that  finding  an  optimal  embedding  for  a  forest  is  NP-completc. 
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Figure  S.l  (a)  good  separation  (b)  bad  separation 

2.  A  Planar  Graph  Separator 

The  layout  method  is  basically  that  used  by  Valiant  [V]  and  befeerson  [L80J  to  get  embeddings  with' 
crossovers  allowed:  the  graph  ieapbt  into  two  by  ransdagal|H)  sahwhpaet  is  recursively  laid  out,  and 
than  the  subproblem  lay oa tease  “married'  by-  erabsddftagtbe  edgatkst  were  rnamwt 

The  key  to  methods  like  these  arc  separator  theorems,  which  guarantee  that  one  can  always  split 
up  a  graph  aa  needed  without  having  to  remove  toe  many  edges.  Lipton  sad  Tar j an  [LTJ  investigated 
planar  graph  separators^  and  showed  that  any  planar  graph'  of  If  mdtm  eon-  be  split  into'  approximately 
equal  sired  parts  by  nmari*  0(vQ^  edges.  However;  si iwwttsans  these  ssparaMoar  are  uma Habit  far  a 
divide  sad  conquer  layout  strategy.  The  edges  removed  by  tiisir  method  divides  the  graph  either  ae  showtr 
fat  Fig.  2:1 (a)  or  Fig.  2.1(b),  and  only  the  farmer  con  be  ueediwour  layout  metMod.  The  foHewtag  theorem 


Theorem  1.  A  planar  grmphwith  N  >  2  wrtiwr  ^  ihptt  dmM  (  ondwidtkF  can  be  reparattd  into 
two  rubgraphebg  removing  Q^F1)  edge*,  tuck  that  eacfrembgmpkhmo  at  lead  |  oftkevertieet.  Given  a  planar 
drawing  of  the  graph,  the  eepaoabion  eon  be  made  at*eh»wn  mpFt§i  2.1(a)  rather  than  Fig.  Zl(b)  ( aervming 
ike  given  drawing  aetuallg  haa width  F  or  leee). 

Ptoaf'-  If  necessary,  add  dussmy  edges  to  the  graph  until  tha  gjrsa  drawing  hairs  simple  cycle  as  the-outer 
face,  and  there  are  only  triangles  as  interior  faces:  This  can  always  be  done,  keeping  the  graph  planar  and 
without  increaamg  the  width.  C&H  thh  graph  G. 

DM*  tbs  dirtmii  of  a  TtrtmnK?  to  bathe  —has  of  xadtato-  the  shortest  path*  fromthe  vertex- to 
the  outer  face,  hot  irteparating  path  in  G  be  a  rimphli  patfafoown  vertex  on  the  outer  face  to  another  one, 
such  that  the  dfMwncea  at  the  vertices  on  tbs  path  gwMto  l,  2, , . . ,  Jfc  —  1,  k,  k,  k  —  1,  . . . ,  2,  1  or  1,  2, . . . , 
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k  —  1,  Jfc,  k  —  1, . . . ,  2,  1.  We  will  find  a  separating  path  with  k  <  F  such  that  no  more  than  two  thirds  of  G'n 
vertices  are  on  either  side  of  it  (where  Side”  refers  to  one  of  the  two  regions  that  the  path  divides  the  plane 
into  if  line  are  drawn  from  the  path  ends  to  infinity).  Then  G  can  be  separated  as  required  in  the  theorem 
statement  by  removing  at  most  4  X  2k  edges  from  the  vertices  in  the  separating  path.  The  vertices  on  the 
path  itself  can  be  divided  between  die  two  sides  so  that  neither  side  ends  up  with  more  than  two  thirds  of  G. 

Start  out  with  any  outer^face  edge  as  the  separating  path.  Assume,  in  general,  that  we  have  a  situation 
with  A  vertices  on  one  aide  of  the  path,  B  vertices  on  the  other,  and  N  —  A  —  B  vertices  on  the  path  itself. 
If  A  <  $  N  and  B  <  }  N  then  we  are  done,  so  assume  that  B  >  \N 

The  cases  that  arise  are  shown  in  Fig.  2.2  (where  vertex  distances  are  shown  after  colons).  Figures  2.2(i) 
and  2.2(H)  are  degenerate  cases  that  are  handled  by  using  the  right  fh-c  path  instead  of  the  left  one.  The 
process  continues  with  the  new  path. 

In  Fig.  2.2(iii),  vertex  /  is  not  the  same  as  6  or  d.  By  the  definition  of  distance  of  a  vertex,  there  is  an 

exit  path,  g - h,  with  vertices  of  distances  j,  j  —  1,  . . . ,  1  or  j,  j  +  1 . m  —  1,  m,  m  —  1,  . . . ,  1  where 

j  <  Jfc  +  2  and  m  <  F.  This  exit  path  may  coincide  wholdy  or  in  part  with  d - e  or  b - a,  but  it  never 

need  cross  over  than  because  it  can  mage  with  the  rest  of  whicheva  path  it  touches.  Also,  the  path  should 
not  go  back  through  /;  this  can  always  be  avoided  in  a  triangulated  graph. 

Most  of  the  B  vertices  that  were  on  the  right  side  of  the  original  separating  path  are  now  divided  into 
pieces  of  rises  C  and  D.  Assuming  D  >C,  the  new  separating  path  is  a-  •  •  •  -b-e-f-g - h.  Clearly,  this 
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Figure  8.1  Marrying  two  embedding? 


new  path  is  of  the  required  form.  If  D  <  J  N  then  we  are  done,  otherwise  repeat  the  process.  The  vertices 
/  and  g  are  part  of  the  B  vertices  that  were  on  one  side  of  the  the  aid  separating  path,  so  we  must  have 
D  <  B.  This  means  that  progress  has  been  made  towards  the  stopping  condition,  dace  we  have  decreased 
the  number  of  vertices  an  the  big  side  of  the  path,  a  process  that  cannot  go  on  forever.  Note  that  the 
new  separating  path  map  have  a  bigger  maximum  distance,  bat  this  is  irrelevant  as  far  as  progress  towards 
stopping  is  concerned. 

The  situation  of  Fig.  X3(i where  the  path  has  two  vertices  e t  tsorimeoi  distunes  in  the  middle,  is 

hamHrd  Just  like  case  (in).  W  D  >  C,  the  new  separating  path  a - b-/ - g  in  of  the  acquired  form. 

Progress  towards  the  stopping  condition  has  been  made,  because  we  wilt  have  last  vertex  e  at  the  very  least. 
The  shove  operations  eon  be  repeated  uetH  s  separating  path  ban  bean  hand  with  no  more  Am  §  N 

vertices  on  either  side,  proving  the  theorem.  | 


3L  Planar  Embedding  Algorithm 

The  layout  method  used  in  [V]  and  [L8Q]  for  rmhrddmg  with  croamvers  allowed  almost  works  for  planar 
embeddings*  The  difference  in  in  the  marrying  step. 

In  order  for  the  layout  method  to  work  recursively,  it  has  to  he  able  to  embed  a  p^k  so  that  it 
is  topologically  equivalent  to  a  given  planar  drawing.  Suppose  G  is  separated  into  G  i  and  G%  using  the 
separator  theorem  of  the  previous  section,  and  then  the  sobports  ate  embedded,  respecting  topology.  Then 
the  removed odgsa  caa  he  drawn  in  the  plane  without  uemeoeri,  because  they  ate  attached  to  vertices  that 
an  still  on  the  outer  faces  of  Gj,  sad  Gt,  in  the  same  eider,  Far  example,  sec  Fig.  3.1,  where  the  separating 
edges  an  shown  dotted. 


i  • 


To  turn  such  a  drawing  into  a  grid  embedding,  insert  a  new  grid  line  for  every  dotted  straight  line 
segment.  For  the  diagonal  lines  making  the  connections,  at  most  two  new  horizontal  and  two  new  vertical 
grid  lines  may  be  needed.  (The  existing  edges  may  have  to  be  shifted  so  they  make  their  final  approach  from 
a  different  direction.)  Let  K  be  the  number  of  “kinks’* ,  i.e.,  horizontal  and  vertical  grid  lines  that  need  to  be 
added  to  connect  any  exterior  face  vertex  of  a  given  embedding  to  somewhere  completely  outside.  It  is  easy 
to  see  that  K  increases  only  by  0(1)  at  each  marrying  step,  because  the  added  edges  needn’t  wrap  around 
the  layout  more  than  once.  Thus,  if  t  is  the  maximum  of  the  number  of  marrying  stages  involved  in  laying 
out  Ox  and  Os,  then  they  can  be  married  by  added  O(t'F)  horizontal  and  vertical  grid  lines  to  embed  the 
0(F)  separating  edges. 

Theorem  2.  Any  planar  graph  G  with  N  vertices  of  degree  at  most  4,  tmd  width  at  most  F,  has  a  planar 
embedding  in  a  grid  of  area  A(N)  =  O(FN). 

Proof:  Other  than  the  separation  and  marrying  methods,  the  layout  algorithm  is  the  same  as  the  one  in 
[V].  It  has  to  be  able  to  produce  an  embedding  in  an  H  X  W  grid,  as  long  as  J  <  H /W  <  3,  and  HW  is 
sufficiently  large.  Suppose  by  induction  that  A(N)  is  sufficient  area  for  an  A-vertex  graph.  Also,  suppose 
that  K(N)  is  a  bound  on  the  number  of  kinks. 

0  is  separated  into  Ox  and  Gj  by  removing  O(F)  edges,  with  |Gi|  =  x|G|,  J  <  x  <  f.  Then  an 
(H  —  cFK(N))  x  (W  -  cFK(N))  grid  is  divided  in  two  by  a  cut  parallel  to  the  shorter  side  in  the  ratio 
x  :  (1  —  a).  By  a  theorem  in  [V],  the  aspect  ratios  of  the  two  pieces  will  be  in  the  range  [J,  J].  If  Gt  and  G* 
can  be  laid  out  in  these  pieces,  then  the  embedding  can  be  completed  as  described  above,  inserting  at  most 
cFK(N)  horizontal  and  vertical  grid  lines,  for  some  constant  c.  So  the  theorem  is  true  if  (assuming  H  <  W) 

(H  -  cFK(N)XxW  -  xcF/C(N))  >  AfxN),  Vx,  ^  <  x  <  | . 

Using  HW  >  A(N)  and  (H  +  W)fy/AfW)  <  4/^3,  this  will  be  true  if 

*(A(N)-±sfAfN)cFK{N))ZA(xN),  Vx,  ^<*<^ 

After  log]/]  N/F  separation  steps  the  graph  pieces  p.e  no  larger  than  F,  so  if  we  stop  the  recursion  at 
that  point  we  have  K(N)  —  0(\ogN /F).  It  is  easily  verified  by  substitution  that 

A{N)  =  aNF  -  log  j 

satisfies  the  recurrence,  for  some  a  and  0  independent  of  N  and  F.  In  the  base  case,  with  N  =  F,  an  0(N*) 
embedding  (sec  [V])  can  be  used.  One  has  to  be  careful  to  get  an  embedding  that  preserves  the  topology  of 
a  given  planar  drawing,  but  it  is  easy  to  see  how  to  do  this.  | 
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Figure  4-1  Frame,  "tree  for  n  =  2,  B  =  5 


4.  N  P- Completeness  of  Optional  Forest  Etebu&lilig 

Given  a  forest  and  ail  iMtpr  A,  the  forest  layout  juroMhi  II  IB  fin'd  whether  or  not  there  Is  a  planar 
fectffinear  embedding  with  tM  leas  than  or  equal  to  A.  In  thfe  section  we  will  show  that  the  forest  layout 
problem  is  NP-complete.  Thtowtit  he  done  fay  WWMftWWIWg  the  IpmtttOh  problem  to  ». 

In  tto  l-partition  preMm  toms  to  a  set  at  totogun  *m  such  that 

9m 

53*, »  wiB 

M 

ami  0/4  <  *,  <  0/1  tar  I  <  »  <  9iw.  the  qnmUm  is  whether  the  set  e»n  be  partitioned  into  m  disjoint 
•etosctth  dm  each  set  saw  w  0.  this  problem  to  known  to  he  torangiy  MP^eomptete  fGJ). 

Consider  the  tree  in  Fig.  4.1(a).  Call  it  the  frame  tree,  there  aft  vertices  at  every  grid  point  except  for 
wa  a*  to  holes  of  stse  0.  (the  rum  hr  m  odd  wHl  be  wniti  taler;  II  to  just  a  trivial  modihcatiott.) 

Lmms  it|f  ernt^sfid^tpu  o/  the  ^touwss  tree  tsKh  o  hsmMfhtp'him  «ft*»/(4n  +  3)x(2fi  +  3)  or  lent  nftd 

fcMtrtf  0*0  /tors  yridpwMs  mu  HMve  efetctig  lie  (hot  stoum  hi  Ftf.  ff^  flKMNrfWy  s/ler  pohti  reMitttHg), 
ormritfiemfmoftiM  digram  where  some  o/tfar  tops  of  Hr  vmfeof  spft me  me  etongedae  in  Fig.  4.1(b)  and 
He  wrww  rs/kstwtw. 

Proof:  the  tone  tan*  (4w + f)  x  (2B  +  3)  -  ml?  vertteea,  so  the  embedding  is  required  to  use  every  grid  point 
Itor  a  vnrtvx  or  ebe  leave  it  fkvn.  This  moans  that  no  edge  of  the  tree  em  he  stmehed  to  a  path  of  9  units, 
tor  that  would  take  up  a  grid  point  in  the  middle  that  is  HM  used  (W  embedding  a  graph  vertex. 

Any  layout  using  only  1-oflit  edges  must  have  an  of  the  degree-4  vertices  of  a  vertical  spine  one  on  top 
oftorotitor,  at  hi  in  dlapwr.  Pm  oihmwlto  there  would  hove  to  he  two  degree- 4  vertices  at  opposite 
earmm  nf  w  l  oil  sqomo,  wfefch  in  tapumili  («m  mf  the  other  corners  would  hate  to  be  shared  between 


twovmtkm)v 


Therefore,  the  only  poesible  changes  to  the  given  diagram,  other  than  point  renaming,  are  ones  at  the 
degree-2  vertices,  such  as  in  Fig.  4.1(b).  | 

Notice  that  if  the  frame  tree  is  embedded  using  an  allowed  folding  near  the  top  of  a  spine,  this  cuts  a 
hole  into  two  pieces  of  sixes  2  and  B  —  2.  There  cannot  be  more  than  one  fold  into  a  hole.  From  now  on, 
use  to  term  "hole*  to  mean  either  a  J3- point  vertical  slot  or  one  of  these  2  +  (B  —  2)-point  aggregates. 

Theorem  4.  The  forest  layout  problem  is  H? -complete. 

Proof:  Given  an  instance  of  the  2-partition  problem,  construct  the  frame  tree  and  add  3m  other  pieces, 
unconnected  to  that  tree:  for  each  x,-  there  is  a  piece  consisting  of  x,-  vertices  joined  into  a  line  by  x,-  —  1 
edges.  If  m  is  odd,  use  the  frame  graph  for  the  next  higher  even  number  and  fill  in  one  of  the  vertical  holes. 

Now  we  claim  that  the  3-partition  problem  instance  has  a  solution  iff  there  is  an  embedding  of  this 
forest  with  a  bounding  box  area  of  (4n  + 3)  x  (2£+ 3).  For,  by  the  lemma,  if  there  is  such  an  embedding  then 
it  must  be  as  shown  in  Fig.  4.1(a)  with  the  extra  pieces  filling  up  the  holes.  Since  all  the  grid  points  are  to 
be  used,  this  gives  a  solution  to  the  3-partition  problem,  because  the  site  restrictions  on  the  x’a  imply  that 
there  must  be  exactly  three  pieces  in  each  hole.  Conversely,  given  a  solution  to  the  3-partition  problem,  a 
suitable  embedding  can  be  found  by  filling  the  holes  in  the  frame  tree  with  the  pieces  corresponding  to  the 
partitioned  sets. 

This  is  not  a  polynomial  reduction,  since  the  frame  tree  has  a  number  of  vertices  of  the  order  of  the 
numbers  involved  in  the  3-partition  problem,  rather  than  the  number  of  bits  required  to  represent  those 
numbers.  This  does  not  matter,  however,  since  the  3-partition  problem  is  strongly  HP-complete.  The  layout 
problem  is  in  HP  because  one  can  simply  guess  a  mapping  of  all  the  vertices  to  grid  points  and  then  verify 
that  the  edges  can  all  be  put  along  the  connecting  lines.  Therefore,  the  forest  layout  problem  is  HP-complete. 

I 
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